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Let A be a countable set (alphabet). Here A =7, (and sometimes
A=17).

A* be the set of finite words on A

AZ+ be the set of infinite words on A, where Z, = {0,1,2,...}
A substitution is a map o : A — A*.

We assume that for every letter a € A, o(a) is not empty.

We extend o to A* and A%+ by concatenation and, to simplify the
notation, we also denote these extensions by o.

Hence o(ug ... u) = o(uo) . ..o (uy) for all uy...u, € A* and
o(uouy ...) = o(up)o(uy) ... for all wouy ... € A%+,

We assume that there exists a letter a in A such that the length of the
finite word o"(a) converges to infinity as n goes to infinity.



To o, we associate a shift dynamical system (£2,, S), where

Q, = {u € A** : any finite factor of u

occurs in ¢"(a) for some n € N and a € A}.

and S is the shift map
S(uouy ...) = uus. .. forall u= upuy ... € A%,

Shift dynamical systems of substitutions provide many important
examples in ergodic theory and they have been well studied mainly in
the literature when the alphabet is finite.

If o is a primitive substitution on
A={0,...,d—1}, d > 2,

i.e there exists k € N such that for all a, b € A the letter b occurs in the
word ¢*(a), then the dynamical system is minimal and uniquely
ergodic.

Moreover Q,, is the closure of the orbit of any periodic point of o.



Let u be the unique shift invariant probability measure.

On cylinders
[W] :{uoul... EQU, uj = w;, iZO,...,I’I},

forw=wy...w,, wy € Afori=0,...,n,

u[W] is the frequency of occurrences of w in the periodic point v.

The vector (u[0],. .., pu[d — 1]) is the normalized left Perron eigenvector
associated to the dominant Perron-Frobenius eigenvalue of the matrix
Mg = (M;j)og,"jgdfl defined as

Mj; := |o(i)|; is the number of occurrences of the letter j in the
word (/).
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When A is countably infinite, the situation is more complicated.

We can also define the countable matrix

My = (My)i jez,

Mij = o (i)];-

One of the difficulties in studying ergodic properties of the dynamical
system (5, S) in such case lies in the fact that the countably infinite
matrix M, may present a larger number of possible behaviors.
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For all i,j € A and for all integer n € N,
0" (7)l; = M, [o"(i)] =Y Mj.
j=1

For example, if o(n) = 0(n+ 1) for all n € Z,, then

1100000
1010000
M,—| 1001000
1000100

o : A— A* is of constant length (resp. bounded length) if there exists
an integer L > 1 such that |o(a)| = L ( resp. |o(a)| < L) for all a € A.

If o has constant length L (resp. bounded length by L), then the sum of
the entries of each line of M7, n € N equals L" (resp. < L").

Here we assume that o is a bounded length substitution.
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Consider a countable non-negative matrix M = (Mjj); jez, .

Irreducible and aperiodic means Vi,j € Z,, 3 n= n(i,j) > 1 such that
M§ >0 Yk > n.

For all i,j € Z,, there exists

lim (MJ)/" = X,

n—o0

)\ is called the Perron Value of M

+oo M
n=0 \n

We say that M is transient if and only if >
is said to be recurrent.

< +00, otherwise M

It is known that if M is recurrent there are left and right eigenvectors /
and r associated to A and when the scalar product /- r is finite, we say
that M is positive recurrent, otherwise M is said to be null recurrent.
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For substitutions on countably infinite alphabets an important study was
initiated by Ferenczi '06.

For instance, among several results, it is considered the squared drunken
substitution defined as

o(n)=(n—2)nn(n+2), ne€2Z

and proved that the dynamical system (€,,S) is not minimal and has
no finite invariant measure.

However it is also shown that (€,,S) has an infinite invariant measure
which is shift ergodic.

In Ferenczi '06 it is also proved that if o is of constant length, left
determined and has an irreducible aperiodic positive recurrent
matrix M,, then the associated shift dynamical system admits an
ergodic probability invariant measure.
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o is left determined if there exists a nonnegative integer N such that
every w of length at least N which occurs on some element of Q,, has a
unique decomposition w = wy ... ws, where each w; = o(a;) for some

aj € A, except that wy may be only a suffix of o(a;) and ws may be only
a prefix of o(as), and the a;, 1 < < s —1, are unique.

Bezugly, Jorgensen and Sanadhya '22 proved that for a left determined
substitution o : Z — Z with M, irreducible, aperiodic and recurrent
which is also of bounded size (the letters of all o(n) belong to the set
{n—t,n—t+1,...,n+ t} where t € Z is independent of n),there
exists a shift invariant measure 1 on Q.

It is also worth mentioning that an arithmetic study of substitutions on
countably infinite alphabets was done in Mauduit '06.
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Extending Ferenczi '06, we obtain.

Let 0 : Zy — Z7 be a bounded length substitution such that o has a
periodic point u and M = M, is irreducible and aperiodic. If M
satisfies

n

YK
lim sup ——— =0 forallj € Z,, 1
n—+00 jc7. ZZ—:O M”;( w ( )

then the dynamical system (£, S) has no finite invariant measure.

Glauco Valle Invariant measures for substitutions



It is important to notice that condition (1) may or may not hold on
both the transient and the null recurrent cases.

One natural question is if condition (1) can be replaced by the weaker
condition

n

. ij _ ..
nll>Too 7:23 My 0foralli,jeZ,. (2)

The last condition is more natural and holds for a large class of
substitutions o such that M, is transient or null recurrent and o has
constant length, or M, is positive recurrent with left Perron eigenvector

I'=(I)kso & I*.
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Let us consider some examples where M is a multiple of an irreducible
stochastic matrix P.

(1) is equivalent to
nﬂToo?gBP =0 forall j € A.
Consider A = Z and set
Popn1=qr=1—P_y _np1, n2>1,
where g, € (0,1) and 37 g, < c0.
Also put Py _1 = Po1 =1/2 and Py, _, =0 for m,n > 1. No matter

how we complete the definition of P to obtain a irreducible and aperiodic
matrix which may be recurrent or transient, we have that

+oo
SUPPao>P ,,0>H1*qk)>0 for every n > 1.
k=1
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Thus (1) does not hold.

However, since lim,_. g, = 0, there is no multiple of P which is a
matrix M associated to a substitution.

We will provide another example.
Again A=7. Set

P,Qn’o = 1/2 = P,2n,72n,1 and P,2n,j’,2n,j,1 =1
forj=1,..,2"—1and n>1.

We can check that P3n2"71,0 = 1/2. Again, no matter how we complete
the definition of P, which may be recurrent or transient, we have that

limsupsup Pjy > 1/2 >0,

n—oo acA

Define
M_ong=1=M_20 o0 yand M_on_; o0 _j 1 =2

and complete the definition for the other entries to obtain an irreducible
and aperiodic matrix associated to a substitution of constant length two.
We have P = M/2 and (1) does not hold.
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As a third example, take P as the transition matrix of a SRW on Z.
Fix p € (0,1) and set

Pn,n+1 =p=1- Pn’nfl nez.
The SRW is irreducible with period two, null recurrent if p =1/2 and
transient otherwise.

We can use P? instead of P for an example with an aperiodic chain.

For p = 1/2, a standard computation using the binomial distribution and
Stirling formula shows that

n 1
P — pn < k 1— n—k _ —2).
sup Pui = Sup Fog—w < maX <k)” (1-p) O(n"2)

Here, we also have P = M/2, where M is a substitution matrix of
constant length equals to 2 defined as

Mn,n+1 = Mn,n—l =1VneZ.

Thus M satisfies (1).



Let M = (Mj)i jez. be a nonnegative, irreducible and aperiodic matrix
with finite Perron value \.

If M is transient with constant line sums, or M is positive recurrent
with a left Perron eigenvector | = (Ik)x>0 & I*, then

n

lim g n—Ofora///,J€Z+

n—-+o00 Z
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Let 0 1= 0,5, defined by
o(0) = 0°7°1¢ and o(n) = (n — 1)n°(n+ 1) for all n > 1

where a, b, ¢ are nonnegative integers such that a > 0, ¢ > 0 and

i =ii...i (k times).
The matrix
[a+b ¢ 0 0 0 0 O i
a b ¢c 00 00
0 a b c 0 00
Mo=1 0 0 a b c 00
0 0 0 a b c O

is irreducible and aperiodic.

o is a substitution of constant length L = a+ b+ c.
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The stochastic matrix P = M, /L is the transition matrix of a
homogeneous nearest-neighbor random walk in {0,1,2,...} partially
reflected at the boundary.

This random walk is (in the probabilistic sense) positive recurrent if
¢ < a, null recurrent if ¢ = a and transient if ¢ > a.

The difference for the matrix theoretical definition is that we also have
null recurrence in the case ¢ > a.

Proposition 1

The following properties hold:
@ Ifc < a, then M, is positive recurrent.

e Ifc > a, then M, is null recurrent and (Q,,S) has no finite
invariant measure.
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Consider the case ¢ > a.

We show that A\p < 1 and that Poo(1/\p) = oo, this implies null
recurrence.

Furthermore M, satisfies (1) for every a < ¢ and b.

Thus (2,, S) has no finite invariant measure.

In the case a = ¢ we can also show that M, satisfies (1).

Remark: Small modifications on the matrix can completely change its
behavior. For instance, consider the case b = 0 and a = ¢ which implies
that M, is null recurrent. Instead of o(0) = 0%1¢, put ¢(0) = 1€, then

we have that M, is transient. For the case b > 0, a < ¢ and ¢(0) = 1°,
we also have transience.
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Remark: We consider the substitution o of ferenczi '06 defined on A =7Z
by o(n) = (n — 1)nn(n+ 1). The associated matrix is null recurrent and
satisfies condition (1). Hence by using Theorem 1, we deduce that the

dynamical system (,, S) associated to o has no finite invariant measure.
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Let o := 04, b,,c, defined by
o(0) = 0% TP 1% and g(n) = (n — 1)>nP"(n+ 1) forall n > 1

where a,, b,, ¢, are nonnegative integers such that a, > 0, ¢, > 0 for
every n >1and L =sup{a,+ b, + ¢, : n> 1} < oco. The matrix M, is
irreducible and aperiodic with bounded length L and can be represented
as

_ao +bp ¢ 0 O O O O

ai bl C1 0 0 0 0

0 an b2 Co 0 0 0

M>=1 o 0 a b3 g 0 0
0 0 0 dag b4 Cy 0

We show that (Q,, S) is not minimal for these substitutions.
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Let o be a bounded length substitution on A =7 such that
M, is irreducible, aperiodic, positive recurrent,

then the dynamical system (Q,,S) has a shift invariant measure
which is finite if and only if any left Perron eigenvector / belongs
to /1.

V.

Remark: Theorem 3 improves a result of Bezugly, Jorgensen and
Sanadhya '22, where it is assumed the additional hypothesis that o is a
bounded size left determined substitution.
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Let P = (Pj)ij>o0 be a stochastic matrix.
Pis
e ergodic (positive recurrent) if

lim Pl =m; >0 Vi jeN,

n—oo u
where (7j)j>0 is a probability vector;

o strongly ergodic if P is ergodic and if

lim supZ|P —mj| =0.

n—o0 >0

A nonnegative matrix M = (M;;); j>o is said to be scrambling if there
exists a > 0 such that

+00

Z min(Mj;, My;) > a for all i # k € Z..

j=0

P = (Pj)ij>o0 is strongly ergodic if and only if a power of P is
scrambling.
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Let M = (Mj); j>o0 be nonnegative, irreducible, aperiodic and positive
recurrent with finite Perron value )\ > 0.

Let P = (Pj)ij>0 be the stochastic matrix defined by
Mi;r; .
Pj = —)\Jr’rj for all i,j >0,
where r = (r¢)k>0 is a right Perron eigenvector of M.

We say that M is strongly ergodic if P = (Pj); j>0 is too.
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M is strongly ergodic if and only if

(1) there exists positive integer n and a vector of probability (7j);j>0 such
that

lim s ’ Uk ‘ =0, 3
Jim iggj; S (3)

furthermore m; = [;rj where | and r are respectively Perron left and right
eigenvectors such that /- r = 1.

(2) there exists a positive integer n and a > 0 such that Vi # k, we have

+o00
M2r; M.r;
. ij' kj J) > 4
jz(;mm( Ar; ’ AN )~ a ( )

Assume that M has a right Perron eigenvector r = (r;)j>0 € I°° which
satisfies inf{r; : i > 0} > 0, then M is strongly ergodic if and only if there
exists a positive integer n such that M" is scrambling.
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Theorem 4

Let o be a constant length substitution on A = 7Z, such that
o has a periodic point u and M, is irreducible and aperiodic.

If there exists a positive integer n such that M7 is scrambling,

then 3 a unique probability shift invariant measure of (2, 5).
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Let o be a non-constant bounded length substitution on A =7
with a periodic point u and such that

M = M, is irreducible, aperiodic, positive recurrent

with right Perron eigenvector r = (r;)i>o € /°° and 3 n such that M”
is scrambling,

then the dynamical system (2, S) has a unique invariant probability
measure. )
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Proposition 2
Let o be a bounded length substitution on A =7, such that o has a
periodic point u and M, is irreducible and aperiodic.

Assume that there exists an integer n such that M is scrambling,

then (Q,,S) is minimal.
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Examples:
(1) Let o (infinite Fibonacci) given by

o(2n) =0(2n+1), o(2n+1) =2n+ 2 for all n > 0.
We can prove by induction that
lo"(0)| = F, and |0"(0)|o = Fp—2 for all n > 1,
where (Fp,)n>0 is the Fibonacci sequence defined by
Fo=1,FR=2, F,=F,_ 1+ F,_» forall n>2.

The substitution matrix is given by

1 10000
001000
1 00100
Ms=10 00 0 1 0
100001
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It is irreducible, aperiodic and its Perron eigenvector is the Golden
number

L+vs _ lim Fot

2 n—oo F,

B=

A Perron right and a left eigenvectors are respectively

I=(1,1/8,...,1/8",.. ) and r = (1,1/8,1,1/8,1,1/8,...).
Hence M, is positive recurrent.
Furthermore M2 is scrambling, r € /°° and o has a fixed point

u = lim,_ 0 0"(0), thus the dynamical system (Q,, S) has a unique
probability invariant measure.
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(2) Let 7 be given by
7(n) =0(n+ 1), forall n>0.
where 0 < a; < C for all i > 0 for some fixed C > 0 and ag > 0 and

limsup a, > 1.

The substitution matrix is given by

2 1 0000
a1 01000
» 00 1 00
M-=1a2 000 10
a2 0000 1
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The Perron eigenvalue of M, is the unique real number A > 1 satisfying
1= Z a;)\_i_l.
i=0

A right Perron and a left Perron eigenvector are respectively
I=(1,1/X...,1/A" .. )and r=(1,04,...,ap,...),

where

n—1 +o0
ap=\"— Z Nl = Z apri—iA ' forall n>1.
i=0

i=1

|- ris finite and M, is positive recurrent.

If there exists k > 1 such that ax, > 1 for all n € Z,, then
inf{ay,, n € Zy} >0 and M¥ is scrambling.

Furthermore 7 has a fixed point u = lim,_, o 7"(0), thus the dynamical
system (€, S) has a unique probability invariant measure.
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Let M = (Mj); j>o0 be a nonnegative, irreducible, aperiodic, positive
recurrent and bounded length.

We say that M is x-ergodic if Vi,j € Z .,

n

n—>+<x> Z+OO Mn =z > O’ (5)

where the vector (zj)j>o has 1 as coordinates sum.

We say that M is x strongly ergodic if there exists a vector (zj);>o of
positive real numbers such that ZJF 0z =1and

I|m sup,>02’ +DO ~ =z =0.
Zk OMlk
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Question: Is M = (M) j>0 *-ergodic equivalent to M positive recurrent
with left Perron eigenvector in /17

The last question has a positive answer when M is a multiple of a
stochastic matrix.

Question: Does there exist a nonnegative matrix M = (M;;); j>o which

is strongly ergodic (resp. -strongly ergodic), but not *-strongly ergodic
(resp. strongly ergodic)?

Proposition 3

Let M = (Mj); j>o0 be an irreducible, aperiodic matrix with finite Perron
value \.

and M has a right Perron eigenvector r = (r;);j>o € /°° satisfying
inf{r;, i € Zy} > 0.

If M is strongly ergodic, then M is x strongly ergodic.

A
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Let M = (Mj)i j>o0 be a x-ergodic matrix with finite Perron value A and
with right Perron eigenvector r = (r;)i>o, then any left Perron
eigenvector of M belongs to I*, moreover

lim Jff Mic _ i:.o lim Mic _ cr, Yi€Zy (6)
e =R - , ,
for some ¢ > 0, and
Mn /-

lim 4 = 4
+oo n +oo
noroe 3 oM ko Ik

>0, Vi,jeZ.,. )

Glauco Valle Invariant measures for substitutions



Let o be a nonconstant bounded length substitution on A =7

such that o has a periodic point u and M, is irreducible, aperiodic.
If M, and M,,, t > 2 are %-strongly ergodic,

then the dynamical system (., S) has a unique probability shift
invariant measure.
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Thank you
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